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Abstract
We derive Feynman rules for gauge theories exhibiting spontaneous symmetry break-
ing using the real-time formalism of finite temperature field theory. We also derive the
thermal propagators where only the physical degrees of freedom are given thermal bound-
ary conditions. We analyse the abelian Higgs model and find that these new propagators
simplify the calculation of the thermal contribution to the self energy.
1 Introduction
Since the observation by Kirzhnits and Linde [1] that spontaneously broken symmetries may
be restored at high temperatures, the subject has attracted wide attention. However, very
little study has been made of theories containing spontaneous symmetry breaking at non-zero
temperature using the so-called real time formalisms. This seems odd since in this formalism,
dynamical quantities are more readily calculated as the thermal Green functions are given
directly in terms of real times . We are only aware of one paper, by Ueda[2], that uses the
real time formalism to study the abelian Higgs model at non-zero temperature. However, this
work was done prior to the further development of real time methods by Niemi & Semenoff[3]
and others. We therefore feel that a study of spontaneously broken gauge symmetries using
the real time formalism is necessary.
In this paper we begin by deriving the real time thermal propagator for a massive gauge
boson in the covariant gauges. We find that there are two thermal contributions to the
propagator. The first part is consistent with the interpretation of a field in a heat bath
of real particles. However the second term acts as a counterterm to the finite temperature
contributions from the unphysical goldstone modes. We then apply the the ideas of Landshoff
& Rebhan[4] and only apply the thermal boundary conditions to the physical degrees of
freedom. Previously, this method has only been applied to gauge theories where the full
symmetry is maintained.
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In the final section , we use the abelian Higgs model as a simple example. We analyse the
calculation of the one-loop corrections to the mass of the Higgs boson performed by Ueda[2].
While we do not disagree with the the results therein, there were a number of mistakes in
the form of the propagators used. We evaluate the propagators correctly. We also show that
if we use propagators for which only the physical modes are thermalised, the calculation is
greatly simplified.
2 Derivation of RTF Propagator
To begin with let us consider a set of gauge fields Aµa invariant under some gauge group. After
symmetry breaking , the free field lagrangian for these fields is of the form;
L0 = −
1
4
(∂µAνa − ∂
νAµa)
2 +
1
2
M2abA
µ
aAµb +
1
ζ
(
∂µAaµ
)2
(1)
Here we have chosen, like Ueda[2] to work in the covariant gauges ∂µA
µ
a = constant. In
general we have to include the interactions between the gauge fields and Fadeev-Popov ghosts.
However there are no problems that arise that have not already been considered by Kobes,
Semenoff & Weiss[5].
The mass matrix M2ab depends on the particular pattern of symmetry breaking. However,
since the mass matrix is symmetric we are able to diagonalise M2ab by an orthogonal transfor-
mation of the gauge fields. Once the mass matrix is diagonalised, the gauge fields decouple
in Eqn.(1) and we may treat them seperately. We need therefore only consider the case of a
single gauge field. In this case, we find that the propagator satisfies the equation[
(✷+M2)gµν + (
1
ζ
− 1)∂µ∂ν
]
∆νρ(t− t
′) = gµρ δC(t− t
′) (2)
subject to the KMS condition[6]. The subscript C denotes that we are considering the solution
to this equation along the contour in the complex time plane associated with the real time
formalism[3, 7, 8, 9] (see fig.1).
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Figure 1: Path used for the Real Time Formalism.
We take as an Ansatz ∆µν = gµνA(~x, t) + ∂µ∂νB(~x, t). The solution of (2) is
∆µν = gµνA(~x, t;M2) +
∂µ∂ν
M2
(
A(~x, t;M2)−A(~x, t; ζM2)
)
(3)
2
where
A(~x, t;M2) =
∫
d3k¯eı
~k.~x ı
2ω
1
exp(βω)− 1
(
(e−ıωt + e−βωeıωt)Θ(t) + (eıωt + e−βωe−ıωt)Θ(−t)
)
is the solution of (✷+M2)A(~x, t− t′;M2) = δC(t− t′), ω2 = ~k2+M2 and
∂Θ(t−t′)
∂t
= δc(t− t
′).
When using the RTF of finite temperature field theory, we have ghost fields dual to each
field of the theory. Vertices couple physical or ghost fields only to themselves, the coupling
constants differing by a minus sign. Physical and ghost fields only mix through the propagator
which now becomes a 2 × 2 matrix dependent only on real times. The components of this
matrix are defined by
∆ij(t, t
′) = ∆(t− t′) t ∈ Ci, t′ ∈ Cj i, j = 1, 2 (4)
For a more complete derivation of this see [3, 7, 8, 9].
Using this result, we may now derive the real-time propagator for the massive photon at
finite temperature. In Fourier space, the propagator is
∆µν(k) = −
(
gµν −
kµkν
M2
)
B
[
∆(k) 0
0 −∆∗(k)
]
B
−
kµkν
M2
B
[
Γ(k) 0
0 −Γ∗(k)
]
B (5)
where
∆(k) = 1
k2−M2+ıε , Γ(k) =
1
k2−ζM2+ıε
B =
[
cosh θ sinh θ
sinh θ cosh θ
]
, sinh2 θ = 1
eβ|k0|−1
Consider the 1-1 component of this propagator which is interpreted as the propagator between
the physical fields. Explicitly the 1-1 component is
ı∆µν11 (k) =
−ı
k2 −M2 + ıε
(
gµν −
(1− ζ)kµkν
k2 − ζM2 + ıε
)
−
(
gµν −
kµkν
M2
)[
2πδ(k2 −M2)
eβ|k0| − 1
]
−
kµkν
M2
[
2πδ(k2 − ζM2)
eβ|k0| − 1
]
(6)
It can be seen that the propgator splits into the T = 0 and T > 0 contributions. in the limit
as T → 0 (β → ∞) the T > 0 terms disappear and ∆µν11 reduces to the zero temperature
propagator.
We note that there are two finite temperature contributions to the form of this propagator.
The first term containing ‘δ(k2 −M2)’ may be interpreted as a contribution due to a heat
bath of real particles of mass M . However, the second term contains the unphysical gauge
parameter ζ and its interpretation is not so straightforward. The second term acts as a
counterterm to the unphysical contributions from the goldstone boson. This can be shown
in two ways. Firstly, let us consider this model in the unitary gauge. In this gauge, the
goldstone boson is gauged away and so we would expect there to be no counterterms in the
photon propagator. The unitary gauge propagator satisfies the following equation.[
(✷+M2)gµν − ∂µ∂ν
]
∆νρ(t− t
′) = gµρ δC(t− t
′) (7)
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Evaluating this equation we find
∆µν(k) = −
{
gµν −
kµkν
M2
}
B
[
∆(k) 0
0 −∆∗(k)
]
B (8)
By comparison with Eqn.(5), it can be seen that the term dependent on the unphysical gauge
parameter is not present.
As an alternative way of seeing that the covariant gauge photon propagator contains an
unphysical pole is to use the idea of Landshoff & Rebhan[4] and apply the KMS condition only
to the physical modes of the theory. The unphysical modes will keep the zero temperature
boundary conditions. Here we apply this method to spontaneously broken gauge theories.
Using these conditions the goldstone boson, being unphysical has only the ero temperature
propagator. The photon propagator becomes
∆µν(k) = −
(
gµν −
kµkν
M2
)
B
[
∆(k) 0
0 −∆∗(k)
]
B
−
kµkν
M2
[
Γ(k) 0
0 −Γ∗(k)
]
(9)
The 1-1 component of this propagator is
∆µν(k) =
−ı
k2 −M2 + ıε
(
gµν −
(1− ζ)kµkν
k2 − ζM2 + ıε
)
−
(
gµν −
kµkν
M2
)[
2πδ(k2 −M2)
eβ|k0| − 1
]
Comparing this result with Eqn.(5), one can see that although we have retained the usual
gauge dependent, zero temperature contribution to the propagator, the gauge dependent finite
temperature contribution is not present.
Finally let us consider the limit as the mass of the gauge boson vanishes. This case is
problematic as the propagator contains terms proportional to M−2. To proceed we must
return to Eqn.(3) and examine the massless limit. Using L’Hoˆpital’s rule, Eqn.(3) becomes
∆µν = gµνA(~x, t;M2 = 0) + (1− ζ)∂µ∂ν
∂A(~x, t;M2)
∂M2
∣∣∣∣
M2=0
(10)
In momentum space this becomes,
∆µν(k) = −
(
gµν − kµkν
∂
∂k2
)
B
[
∆(k) 0
0 −∆∗(k)
]
B (11)
where ∆(k) = ı
k2+ıε . This is exactly the propagator for a photon first derived by Kobes,
Semenoff, and Weiss in [5].
3 The abelian Higgs model
The propagator we have derived for the massive gauge boson differs from the result used
by Ueda (Eqn.3.8, [2]). However this work was done prior to the formulation of real time
thermal field theory[7] using path integral methods devloped by Niemi & Semenoff[3]. We
would therefore like to reconsider the abelian Higgs model.
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The abelian Higgs model consists of a U(1) gauge field coupled to a complex scalar field
described by the Lagrangian density
L = −
1
4
FµνFµν + (DµΦ)
∗(DµΦ)− ρ2Φ∗Φ−
λ
6
(Φ∗Φ)2
where Fµν = ∂µAν∂νAµ and Dµ = ∂µ − ıeAµ. We choose ρ2 < 0 so that spontaneous
symmetry breaking occurs.
Expanding Φ about its expectation value as Φ(x) = 1√2(v+φ(x)+ ıχ(x)( where 〈Φ(x)〉 =
v√
2 , we may rewrite the lagrangian as L = L0 − V (A
µ, φ, χ) where
L0 = −
1
4
FµνFµν +
1
2
M2AµAµ −
1
2ζ
(∂µA
µ)2
+
1
2
∂µφ∂µφ−
1
2
m2φ2 +
1
2
∂µχ∂µχ−M∂µχA
µ (12)
and V (Aµ, φ, χ) is a potential term containing only cubic and quartic terms. M = ev
and m2 = ρ2 + 12λv
2. We have added a gauge fixing term to L0. We choose to work in the
covariant gauges ∂µA
µ =constant. Using Eqn.12, we find that the 1-1 components of the
thermal propagators are
ı∆H =
ı
k2 −m2 + ıε
+
2πδ(k2 −m2)
eβ|k0| − 1
ı∆G =
ı
k2 + ıε
+
2πδ(k2)
eβ|k0| − 1
ı∆µν(k) =
−ı
k2 −M2 + ıε
(
gµν −
(1− ζ)kµkν
k2 − ζM2 + ıε
)
−
(
gµν −
kµkν
M2
)[
2πδ(k2 −M2)
eβ|k0| − 1
]
−
kµkν
M2
[
2πδ(k2 − ζM2)
eβ|k0| − 1
]
(13)
Before one can use these propagators, one must take into account the effect of the Aµ-χ mixing
term in Eqn.(12). The effect of this term is to modify the photon and goldstone propagators
and to introduce a new photon-goldstone vertex. Explicitly, these modified propagators are
ı∆modG =
[
1 + ζM2
∂
∂k2
](
ı
k2 + ıε
+
2πδ(k2)
eβ|k0| − 1
)
ı∆µνmod(k) = −
{
ı
k2 −M2 + ıε
+
2πδ(k2 −M2)
eβ|k0| − 1
}(
ζkµkν
k2
gµν −
kµkν
k2
)
−
kµkν
M2
2πδ(k2)
eβ|k0| − 1
+ ıζkµkν
∂
∂k2
[
ı
k2 + ıε
+
2πδ(k2)
eβ|k0| − 1
]
(14)
Comparing this with Eq.3.12 of [2], we can see that although the bare propagator used
by Ueda was incorrect, the modified propagator has is correct form except for the gauge
dependent term. However, the only problem with this final term was, as noted by Ueda, the
problem of understanding terms such as δ(k
2)
k2
. As it was pointed out by Kobes, Semenoff &
Weiss[5], these terms should instead be considered as derivatives of the delta function. As
we find that the modified propagator used by Ueda is essentially correct, it is no surprise
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that we agree with the result of the one-loop self energy corrections calculated in [2] and we
shall not repeat the calculation here. However, we would like to consider this calculation
using propagators for which only the physical degrees of freedom are given thermal boundary
conditions[4]. Using these propagators the modified propagators due to photon-goldstone
mixing are
ı∆µνmod(k) = −
{
ı
k2 −M2 + ıε
+
2πδ(k2 −M2)
eβ|k0| − 1
}(
gµν −
kµkν
k2
)
−
ı
k2 + ıε
ζkµkν
k2
ı∆modG =
[
1−
ζM2
k2
]
ı
k2 + ıε
(15)
It can be seen the gauge dependent terms are in their zero temperature form as expected.
As such when calculating the one-loop thermal contribution to the self energy, the number
of gauge dependent terms are greatly reduced. Using the original propagators there are
12 different diagrams which have gauge and temperature dependent terms whereas using
these new propagators there are just 3. However, we still retain the gauge parameter in our
calculations providing a useful check that we have correctly evaluated the diagrams.
Since we are only applying thermal boundary conditions to the physical modes of the
model, the thermal contributions to these modified propagators are identical to the thermal
contributions found when using the unitary gauge. One might therefore be worried that the
unitary gauge puzzle[10] might appear when using these propagators. However, this is not
the case. The unphysical thermal contributions do not appear in our propagators because of
our choice of boundary conditions, not because of the choice of gauge.
4 Conclusions
In this paper, we have derived the real time thermal propagators for massive gauge bosons.
We have seen that the thermal contribution to the propagator contains gauge dependent
terms. These terms are unphysical as can be seen by deriving the thermal propagator in
the unitary gauge. Also we have studied the propagator when thermal boundary conditions
are applied to the physical degrees of freedom and zero temperature boundary conditions to
any unphysical modes. Using these propagators we find that the calculation of the thermal
contribution to the one-loop self energy of the Higgs particle is greatly simplified. In fact, the
number of diagrams to be calculated is to be compared with the same calculation performed
in the unitary gauge. However, we retain the gauge parameter and avoid any of the problems
associated with the unitary gauge puzzle[10].
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